40 2 Parameterizations

numbers appear if ¢ is fixed. For example, the analogue of the de Moivre formula is
true: (cos(f) + ¢sin(6))* = cos(kf) + ¢ sin(k).

Quaternion components « Euler angles
Using (2.33), the quaternion components can be expressed through Euler

angles

¢ = cos(¢/2) cos((ipr + ¢2)/2) , ¢ = —sin(¢/2) cos((pr — 2)/2)
¢* = —sin(¢/2)sin((pr — ¥2)/2) , q° = cos(¢/2)sin((p1 + ¢2)/2) -

Again, the quaternion with the opposite sign represents the same rotation. From
these relations we obtain the inverse formulas for the calculation of the Euler angles

from the quaternion. Let x := [((¢°)%+(¢®)*)((¢*)? +(¢*)?)]/? = (sin$)/2. If x # 0,

cos¢ = ((¢°)° + (_43)2) ~ (g + (%)) ,
cosyr = (—q°¢* #¢%¢%) /x , singy = (—¢"¢* +q'a®)/x
cospz = (—g°¢" $4°¢%)/x , sings = (+¢°¢° +4'¢°) /x -

If x = 0, there occurs ¢* =0 = ¢* or ¢° = 0 = ¢*. In the first case, we have
$=0, cos(pr+2) = (¢°) — (¢°)7 , sin(pr + ¢2) = 24°° .

In the second one, the angles are given by 4
p=m, cos(pr—y2) = (¢")* — (¢°)*, sin(ip1 — 2) = 2¢'¢* .

Both instances correspond to singularities of Euler angles and only combinations of
w1 and s are determinable. [

Quaternionic form of transformation of a vector
Based on (2.41), the transformation of Cartesian coordinates z; = Oy;z; can

be expressed as

o = ((QO)2 = quk) T+ 20’ 5 — 28500 254"

The same form has the i-th quaternion component of the product qzg™ where z is the
“vector” quaternion z = Oeg + z1e1 + 262 + 3e3. Thus, with z’ = 2je; (1 = 1,2, 3),
the transformation can be written as

o' =qozeqg '=qgozoq . (2.49)

This rule follows also from the interpretation of quaternions as elements of the
Clifford algebra C{ and (1.20).

The isomorphism between the group of unit quaternions and SU(2) and the fact
that the quaternions e, correspond to ¢, matrices allows us to write

X' =vuxut,

where the unitary matrix U is related to g by (2.36), X = z,¢; and X’ = zjs;. These
vector transformation rules are similar to Eq.(2.16).

Improper rotations and quaternions
One may ask about the possibility to represent improper rotations by quater-

nions. With quaternion algebra seen as a standing alone construct, it is natural to



