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arranged in approximately horizontal rows, the dis-
tance between two rows being roughly equal to the
wavelength of the modulated wave. This is due to the
contribution of diffraction streaks, although these
streaks cannot be distinguished from the noisy
optical diffraction pattern. The image contrast is in
agreement with the conclusion from the electron
‘diffraction analysis and implies that the Ba-ion
strings are incoherent to one another. The Ba ions
with their idealized positions in the same plane
parallel to the ab plane have different degrees of
displacement along the ¢ axis. In other words, the
initial phases of the modulated waves spreading
along the different atomic columns of Ba are differ-
ent. Fig. 6(b) shows schematically the random phase
shift of the modulated waves propagating along dif-
ferent tetragonal channels.

7. Effect of electron-beam irradiation

Fig. 7(a) is a high-resolution image taken along the
[102] direction and Fig. 7(b) is a local image magni-
fied from Fig. 7(a); Figs. 7(c) and 7(d) are the
corresponding EDP and ODP, respectively. The
white dots in Figs. 7(a) and 7(b) are arranged almost
periodically, but in fact there is no translational
periodicity at all if the intensity of the white dots is
taken into consideration. In the corresponding ODP
shown in Fig. 7(d), besides the main diffraction spots
the satellite spot 1011 (indicated by an arrow) and
the satellite spot 1011 can be seen clearly but the
modulation contrast cannot be seen. This can also be
interpreted in terms of the incoherency among differ-
ent atomic columns of Ba. In any case, owing to the
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contribution of the satellite spots, including spots
1011 and 1011, the image only shows a rough
periodicity along the vertical direction. The vertical
intensity change of the dots located in the same
horizontal line is not synchronous.

After strong electron-beam irradiation, the images
taken along the [102] direction and the correspond-
ing electron and optical diffraction patterns are
shown in Fig. 8. There are no evident differences
between corresponding main diffraction spots in
Figs. 7(c) and 8(c), but the intensity of the satellite
spots decreases greatly in Fig. 8(c). In Fig. 8(b) the
white dots become more ordered in comparison with
Fig. 7(b). This indicates that under electron-beam
irradiation the incommensurate structure of
ankangite tends towards a commensurate structure.
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Abstract

We have developed a method for the characteri-
zation of coincidence-site lattices (CSL’s) in tetrago-
nal or near-tetragonal orthorhombic structures, by
suitable modifications to the method of Grimmer &

0108-7681/90/020117-09$03.00

Warrington [Acta Cryst. (1987), Ad43, 232-243]. We
have applied our method to determine coincidence
rotations and the associated information appropriate
for forming constrained CSL’s in the high-T, super-
conductor YBa,Cu;0,_5. The unit cell is ortho-
rhombic with lattice parameters a = 3-82, b= 3-89
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and ¢=11-67 A for the nominal composition. We
present tables of coincidence rotation angles, 3,
CSL, DSCL and associated step vectors up to 3 =
50. We find our results to be reasonable, and
representative of grain-boundary structure in
YBa,Cu;0,_; in view of observations of grain-
boundary dislocation networks in this material.

Introduction

Coincidence-site lattices (CSL’s) are geometrical
models of grain-boundary structure and are formed
by relative rotations of two congruent lattices, using
a lattice site as the origin. The ratio of the unit-cell
volume of the CSL to that of the original lattice is
usually denoted by 3. The displacement-shift-
complete lattice (DSCL), which is a lattice of vectors
representing the displacements of one crystal with
respect to the other that leaves the boundary struc-
ture shifted but complete, is also of importance in
defining grain-boundary geometry. If the relative
orientation between two grains deviates by only a
few degrees from a coincidence orientation with a
low value of 3, then it has often been observed that
the deviation from exact coincidence is accom-
modated by arrays of dislocations in the boundary.
Small deviations from the axial ratios needed to form
the CSL are accommodated in the same way, for
non-cubic materials, as demonstrated by Chen &
King (1988). The Burgers vectors of such grain-
boundary dislocations are often vectors of the
DSCL.

Another important geometrical feature besides the
usual CSL and DSCL is the step vector associated
with a DSC dislocation. The step vector is used in
determining the height of the step in the grain
boundary that is associated with the core of a grain-
boundary dislocation. The definition of the step
vector and an extensive description of its properties
was given by King & Smith (1980) and King (1982).
Step vectors for grain-boundary dislocations in cubic
materials were tabulated by King (1982) and for
h.c.p. materials by Chen & King (1987).

Interest in the structure and behaviour of grain
boundaries in YBa,Cu,0,_; is increasing due to the
problems of achieving sufficiently high critical cur-
rent densities in polycrystalline samples. Knowledge
of the possible geometries of coincidence-related
grain boundaries is therefore essential, and in this
paper we indicate appropriate techniques for the
determination of such information, and provide
tabulations of such data. Although YBa,Cu;0,_; is
orthorhombic, it is very closely approximated by a
tetragonal unit cell. We presume that coincidences
of the tetragonal lattices can form the basis
for ‘constrained-coincidence’ structures in
YB32CU307 — 5

COINCIDENCE ORIENTATIONS IN TETRAGONAL SYSTEMS

General theory for tetragonal structures
(a) The rotational matrix

We follow the development given by Grimmer &
Warrington (1987) for hexagonal lattices. In the case
of tetragonal crystals we find the following.

The crystal basis e consisting of three mutually
orthogonal vectors e, e,, e; of lengths g, a and ¢ =
pa, is related to the cubic basis € consisting of three
mutually orthogonal vectors, each of length a, by e

= &S, where
1 00
S=101 0]. 0))]

0 0 p

Consider a right-handed rotation by an angle =
2¢, 0 < 0 < 7, about an axis with cubic components
v satisfying v? + v3 + v} = 1, with parameters

[a, B, v, 8] = [cose, vsing, vsing, vising]. (2)

The general form of the rotation matrix in cubic
coordinates for the rotation considered above may
be found in Grimmer & Warrington (1987). The
crystal components »# of the rotation axis are given

by:

en=eSn=¢v

ie.
v=3Sn
Vi=n, V=N V3= png
and
1=+ vi+13=nl+nd+p™ni 3)

Introducing parameters:

(A4, B, C, D) = *(cosg, n,psing, nypsing, n;psing),
C))

we obtain from (2) and (3),
la, B, v, 8] = %[4, B/p, Cip, D]. &)

The modified rotation matrix for tetragonal struc-
tures takes the form

A2-D+ (B -
Ro= |2(BCr + 4D)

2/7(BD — AC)
2(BCt — AD) 2./7(BD + AC)
A*—D*— (B — ) 2./7(CD — AB) |, (6)
2,/7(CD + AB) A*+ D*— (B + %)
where
T=1/p% @)

Using (3) and (4), the normalization condition satis-
fied by the parameters (4, B, C, D) is:

A? + D* + 7(B* + C?) = cos’p
+ sin’@(n? + n3 + p’n3) = 1. ®)
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Expressing the original and rotated vectors in the
basis e we obtain

ef=eS 'E=ex
and &£ =eRoé =eS 'RySx where x=S"'¢ and R
= S7'R,S, ie.
A D+ (B~
R=|2BCr + 4D)

27(BD — AC)
2(BCr — AD) 2BD + AC)
42— D'~ (B~ Y 2ACD - AB)|. 9
27(CD + AB) A+ D*— B+ )

(b) Coincidence rotations

A rotation will generate a three-dimensional CSL
if, and only if, the matrix R in lattice coordinates is
rational. From this it follows that R~ ' is also
rational. R™'is obtained by replacing 4 by — 4 in
(9). Denoting the elements of R by Rj and the
elements of R™' by Rj, it can be deduced from (8)
and (9), that the following constraints apply:

442 =1+ R%Y, + R% + R3;
4AB= R — R,
44C=R1{;— R7s
44D = R7, — R,

(10a)
(106)
(10¢)
(104)

4BD=R*3+ R7, (10e)
4CD = R + Ry (10f)

4D*=1- R}, — Ry + R% (10g)
47B*=1+ R}, — RY, — R, (10h)
47BA=R% — R3, (10)
47BD = R, + R3, (10)
47BC = R%, + R3, (10k)
474C=R3 - R%, (100
4rDC=R% + R3 (10m)
47C*=1— R, + R, — R, (10n)

From the above set of equations it follows that
coincidence rotations are possible for irrational 7
only if AB=AC=BD=CD =0, i.e. if either A =D
=0or B=C=0. For rational 7 and for 4 = 0, there
exists a k£ # 0 and four coprime integers m, U, V, W
such that

A’=km, AB=kU, AC=kV, AD=kW. (11)
In other words

ged(m, U, V, W)=1. (12)
From (11) and (12), we obtain
km= A% = AYA*> + D* + (B> + C?)]
=Km* + W+ (U + VI =k%, (13)
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where
s=[m*+ W+ 7(U* + V?)] (14)
and
A=ml/s, B=UL/s, C=VI/s, D=WL/s.
(15)

Using the relations (15), R transforms to

= W+ (U~ V)

R=; 2(UVT + mW)
21(UW — mV)
AUVT — mW) AUW + mV)
m?— W2 — (L2 — V?) 2AVW — mU)|, (16)
21(VW + mU) m+ W — (U + V%)
where

m=W=0or U= V=0Iif 7is irrational. (17)

Equations (12), (14), (16) and (17) are sufficient to
guarantee that R is rational, i.e. R describes a coinci-
dence rotation.

Coincidence rotations, therefore, can be denoted
by quadruples (m, U, V, W) consisting of four
coprime integers. The normalization condition is
given by (12). The expressions for [B, C, D], for the
axis and cos¢ = A for the angle, can now be written
as [U, V, W] and cosg = ml [3, ie.

cosg = m/[m? + W2+ 7(U* + V2)]'?
tang = [W? + #(U* + V3)]"¥m
= (n/m)[w? + r(u* + v?)]"?, (18)
where
n=gcd(U, V, W),
u=Um, v=Vin, w=Win. (19)
From (12) and (19)
ged(m, v, w)=1, gcdim,n)=1. (20)

For rational 7 there exist positive integers 1 and v
such that:

viw=r7, gcdu,r)=1. (21)
If we set
F=pus=u(m+ W3+ v(U*+ V3, (22
R becomes:
1 w(m* — W2+ v(U? - V?)
R=_|2(0UV + umW)
2(UW — mV)
2(wUV — umW) 2u(UW + mV)
w(m* — WH — v(U? - V3 u(VW — mU)|.
2v(VW + mU) v(m? + W2 — p(U? + V?)

(23)
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Multiplying both sides of (10) by F and using the
notation r; = FRj we obtain the following relations:

dum? =F+r} +rh +r (24a)
4umU =ry; — ry; (24b)
dumV=r4 —r3 (24¢)
dumW=r; —rj (24d)
4uUW=r} +rp; (24¢)
AuVW=rz +rsy; (24f)
4uW?=F—ri\ —ry +rs (24g)
AvUP=F+r —rh —r3} (24h)
dvmU=r35 —ry; (24i)
AvUW =r3] +ry, 24))
4wUV=r) +ry (24k)
4vmV =r; —ry (24))
WVW=r +ry (24m)
AvV?2=F—r} +r5h — rsh. (24n)

(c) Determination of 3
Equation (22) for F may be written as:
F=us=um* + W+ v(U? + V) =al.

From the set of equations (24) and Grimmer’s
a-hex theorem (Grimmer & Warrington 1987), it
can be deduced that « is a factor of 4 v. This can be
used to obtain constraints on the values of a, m, U,
V and W. Thus, we obtain the values of these
parameters for which coincidence rotations can exist,
and also the associated 3 values. These constraints
ensure that the matrices SR and SR ' are integral
and indeed yield coincidence rotations.

(d) Determination of bases for the CSL and the DSCL

The modified form of the rotation matrix
described above was used to determine the bases for
the CSL and the DSCL by the method of Grimmer
& Warrington (1987). These bases were further
reformed to a Buerger cell, defined as the cell formed
by the three smallest linearly independent vectors.

(e) Determination of the step vectors associated with
DSC dislocations

The step vectors that are associated with the cores
of the grain-boundary dislocations were determined
by the method of Chen & King (1987). The step
vectors are defined as:

S =DSC + RX, (25)

COINCIDENCE ORIENTATIONS IN TETRAGONAL SYSTEMS

where R is the rotation matrix and X, is a lattice
vector of lattice 2.

Results

We have applied the general theory developed above
to the determination of the structure of the
grain boundaries in the high-T, superconductor
YBa,Cu;0,_;. (6 indicates the sub-stoichiometry of
oxygen.) The lattice parameters a, b and ¢ are found
to vary with 8, and have been determined by
Johnston (1987). The unit cell is orthorhombic with
lattice parameters a = 3-82, b= 3-89 and ¢ = 11-67 A
for the nominal composition. Since it is necessary to
have rational values of a*:b%c? for the existence of
coincidence rotations, these have been rounded to
the closest rational values. This necessitates the con-
sideration of the structure to be tetragonal. These
approximations lead to so-called ‘constrained-CSL’
(CCSL) structures, postulated by Bonnet (1981). It is
necessary to introduce the concept of constrained
coincidence to accommodate the irrational axial
ratios of real materials, the idea being that any small
deviation from an ideal @*b*c® can be accommo-
dated by an array of dislocations. Boundary struc-
tures related to CCSL’s have been observed in h.c.p.
metals by Chen & King (1988). The motivation in
choosing a series of ratios in our calculations is to
determine the possibility of the existence of coinci-
dence orientations for varying &, in the interval
a’:b*c® = 15:15:135 to 15:15:140. We also consider
an axial ratio of 6/55, which is obtained as [(a +
b)/2c)?.

Grain boundaries in this material are of consid-
erable interest due to the problems of achieving
requisite properties for various applications. Segrega-
tion at grain boundaries and grain-boundary-
dislocation networks have been observed by Babcock
(1988), Babcock & Larbalestier (1989) and Chisholm
& Smith (1989). Transmission electron microscopy
studies on the grain-boundary structure of
YBa,Cu;0,_; are in progress, to determine whether
three-dimensional CSL’s are important in governing
the structures of large-angle grain boundaries. The
methods described herein could be applied to any
tetragonal or near-tetragonal orthorhombic lattice.

Erochine & Nouet (1983) were the first to try
determining coincidence rotations systematically for
tetragonal lattices. It must be noted, however, that
they assume 3 = 3’, which is not always true.

We present our results for the axial ratio 1:1:9 in
Table 1. All of the coincidence systems are charac-
terized by the unique disorientation description, in
order to prevent ambiguity. The data to be deposited
comprise a comprehensive list of 3 values, axes,
angles, CSL’s, DSC’s and step vectors for all axial



A. SINGH, N. CHANDRASEKHAR AND A. H. KING 121

Table 1. CSL, DSC and step vectors for near-tetragonal YBa,Cu;0,_,

The ‘System’ column gives the values of 3, rotation axis and rotation angle (°). The rotation-matrix elements and DSC are multiplied by 3. All vectors are
to be read columnwise. The first given step vector corresponds to the first given DSC vector, ezc.

Step Step
System 3R CSL 3DSC vector System 3R CSL 3DSC vector
(@) For any a*:b*(= @*):c 317 1700 100 1700 000
3 0-10 0-10 100 000 100 08 -45 05-7 025 01 -2
001 100 100 010 000 61928 058 012 0-31 011
90000 001 001 001 000 317 9836 -214 13-24 202
35 4-30 210 -120 010 110 89 -36 21 -5 4213 -20 -2
001 340 120 “2-10 ~100 86:628 —441 -10 -2 -2-12 —1-1-1
36-870 005 001 005 000 517 8 —1227 013 365 121
313 12-50 -230 ~230 0-20 301 12 -1 -36 -23 -2 -49 -1 0-10
001 5120 -3-20 -3-20 -200 93-372 348 -1-10 -1-24 -1-10
22:620 0013 001 0013 000 517 12136 2-3-2 4-5g 10 -1
317 15-80 4-10 140 0-20 991 812 -27 0-13 -386 001
001 8150 140 -410 200 63-821 -348 -1-10 -1-32 10 -1
28-072 0017 001 0017 000 519 18118 119 1-910 144
325 24 -70 3-40 -340 030 110 118 —18 01 -9 199 0-4-4
001 7240 430 -4 -30 300 26525 2217 10 -1 ~211 0-1-1
16260 0025 001 0025 000 319 17618 -130 18-13 001
329 21 -200 5-20 -520 220 310 61 -54 31 -3 3310 000
001 20210 250 -2-50 2-20 93-017 -26 -1 10 -1 -1-13 “1-1-1
43-603 0029 001 0029 000 519 10 —645 323 s _44 332
337 35 —120 6-10 160 0-30 331 1510 - 18 -203 -2136 100
001 12350 160 ~610 300 73174 -2510 0-11 -1-33 000
18-925 0037 001 0037 000 519 17 —618 31210 1318 010
341 40 -90 4-50 -450 040 901 6 —1-54 13-3 -3103 000
001 9400 540 -5 -40 400 93-017 261 011 -1 -31 111
12:680 004 001 0041 000 519 15 -10 18 052 2411 222
902 106 —45 -22-3 -591 100
(b) For a@:b%¢* = 1:1:9 (15:15:135) 1592 2510 -1oo -1 -24 000
3 300 100 300 000 321 18 ~627 -125 9-36 112
100 00-9 00 -3 030 0-10 331 918 - 18 03 -3 693 101
90-000 010 010 001 000 38213 -2318 -100 -1-24 000
35 500 100 500 000 1 9 —654 -214 9-63 010
100 04 -9 05 -1 014 010 331 189 —18 03 -3 -396 101
36870 014 001 0-11 000 81-787 -269 -10 -1 -2-14 0-10
35 0-49 0-51 401 00 -1 321 18 -918 3-30 3-912 10 -1
11 500 100 050 000 601 96 54 14 -2 -966 011
95-739 014 001 -101 000 73398 269 011 -2 -1 -1 011
27 629 021 7-11 111 23 14 - 189 2-51 9-5-4 100
210 23 -18 -11-3 025 000 101 1813 - 18 190 5108 1
73-398 -122 -100 0-11 000 55-583 1222 001 -1-23 000
;] 6318 -213 3-36 11 3 18 -13 18 019 8-105 110
110 36 -18 11-3 -333 -10 -1 i 1418 -9 12 -5 -459 000
70-529 -223 ~10~1 -1-21 10 -1 40459 -1222 -100 -3-21 000
39 6-69 2-11 3-63 101 3 22318 -233 -1-1012 11
301 63 —18 14 -1 333 11 310 314 -54 11-5 3710 0-2-2
70-529 126 001 -1-12 000 55-583 -2613 -10 -1 -231 0-1-1
M 6 -318 -114 6-33 11 323 2-69 -1-32 1319 0-1-1
331 66 -9 12 -1 -363 101 901 613 -54 -41 -2 -651 -1-2-2
60-000 126 -100 -1-11 000 55583 1614 0-1-1 -1-34 0-1-1
31 9218 -114 10-11 222 By 6 1354 234 6-55 123
110 29 -18 11 -5 1110 -2-2-2 995 26 -9 -241 -1203 011
50-479 -227 -10 -1 -1 -11 -1 -1 -1 86-261 -1614 -1-10 -1-33 0-1-1
31 6227 -203 335 000 325 2500 100 2500 000
991 76 -18 -3 -1-1 -294 “1-1-1 100 07 -72 04 -9 094 -4 -41
82:163 -232 0-10 -1-12 000 73-740 087 014 0-41 221
313 1300 100 1300 000 25 15 -16 36 1-42 5104 i1
100 05 -36 09 -2 029 014 211 2012 -27 331 -105 -3 212
67-380 045 021 0-12 011 63-896 0520 -101 005 000
313 4-336 1-31 405 000 25 20 -1227 1-33 -5103 121
331 124 -9 014 1132 112 311 1516 - 36 241 ~10 -5 -4 122
92204 -144 -100 -102 000 51-684 0520 -101 005 000
313 12 -49 4-10 1212 120 5 9 -2036 -104 4-93 101
901 43 -36 131 -454 010 904 200 -45 150 -5515 112
76658 144 001 -1-21 000 90-000 4516 -10-1 -1-4-2 00 -1
315 1500 100 1500 000 325 200 45 -105 5-510 112
100 09 -36 036 036 024 991 920 -36 140 -4912 102
53130 049 0-21 0-21 0-10 51684 -4516 -110 -1-43 000
315 12027 -105 -360 120 Y] 24336 -216 6-315 310
931 90 -36 300 -6 -30 110 1o 324 -36 11 -6 -6312 -201

95-739 050 010 005 000 38-942 -4421 -20 -1 -1 -42 -10 -1
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System
27
111

67-115

227
210
96-379

327
301
38-942

327
302
96-379

21
601
96-379

327
632
90-000
27
661
90-000
327
931
67-115

329
100
46-397

229
321
76:032

329
511
66:637

329
902
84-062

229
992
76032

331
411
80-718

231
510
80-718

331
531
72-154

331
902
54504

231
995
72-154

333
311
82-163

333
332
62:964

333

631
62:964

235

431
88-363

235
501
88-363
335

530
88-363

3R
12 -21 36
2412 -9
-1424

211236
123 -72
~48 -3

24 -129
1221 -36
1424

3-2436
24 -3 -36
4421
21 1236
12-3-72
483
12 - 1263
243 -36
1812

12372
2112 -36
-483

24 -3 36
1212 -63
-1812

2900
020 -63
0720

16 - 12 63
2411 -36
-1816

24 - 1136
1612 - 63
1816

21 - 1636
163 -72
4811

16 -3 72
2116 -36
-4811

21 —14 54
226 —63
2914

30518
56 —90
-2105

22 -663
2114 -54
-2914

27 - 1418
1418 - 63
2722

14 - 18 63
2714 —18
-2722

18 —18 63
276 —54
2918

18 —21 54
2718 - 18
-2627

27 -654
1818 —63
-2918

17 -690
3010 —-4S
-21110

26 — 1845
181 -9
51010
2615 54

1510 - 9%
-6101
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0-12
414
-403
1-11
2-51
110 -2
021
14 -1
43 -1
-111

3DSC
-3-612
-615 -3
-2-4-1
-3-126
6-315
-214

3612
-1236
-1-25
6-315
-6312
-1 -42

3-612
-6123
-2-51

3-126
6312
-2-15

3-612
123 -6
-125

15 -6 -3
-6-312
-4-2-1
2900
017
0-41

3613
-1095
-2-41
5-109

1336

-124

2817
-413 -5
-1-46
4-513
2178
-1-64
5106
“119 -7
-1-25
-1 -1417
588
-233

1 -79
-5610
-1-52

2621

-7104
-1-35
7-33
-2238
-1 -44
6-9-3
9312

-3-17
9-36
-3129
~1-73

21 -39
396
-4-13
-1-98
—-101510
-4-1-3
714 -2
-1474
005

-3-1019
5515
=251

Table 1 (cont.)

Step
vector System
110 235
201 551
000 80-959
-111 335
310 711
-1-10 80959
120 335
011 901
000 64-623
-30 -1 235
411 905
00 -1 88-363
111 235
311 991
111 43-233
002 235
-1 -11 991
00 -1 94917
131 335
1-10 994
-1-1-1 88-363
-1 -1-1 237
320 100
000 18925
000 337
0-22 112
011 91-549
-3-4-4 37
-1 -1-1 331
000 50-570
000 337
0-1-2 521
0-1-1 91-549
=111 337
11 -1 731
101 84-:572
1 -11 337
=111 901
-1-10 43-136
412 337
100 904
-100 71075
012 339
100 100
0-1-1 22620
421 339
0-10 101
000 76658
-3 -2-2 339
-100 310
000 76658
-4 -2-3 239
101 331
000 27-796
231 239
000 335
-1-10 92204
434 341
-1-10 100
-1 -1-1 12:680
233 px1|
000 110
010 55-877
323 341
0-2-1 210
000 40-879
-1-10 341
241 301
111 55-877
211 341
113 113
010 90-699

3R
18 -190
26 18 —45
-51010

30 —1045
176 -9
21110

33-1018
1015 =90
21017

10 -3045
301 -54
5626

30 —154
10 30 —45
—-5626

151090
2615 —54
-610 -1

10 — 1590
3310 —18
-21017

3700
035 -36
0435

0 -3536
3700
0435

28 - 1263
2128 -36
-4728

24 - 881
283 -72
1izg

28-372
248 —-81
-1128

36 -89
827 -72
1828

21 -28 36
2812 -63
4728

3900
036 —-45
0536

12 -3627
369 -36
3436

369 36
912 - 108
-4129

36 -9 36
1236 —27
~3436

0 -3645
3900
0536

4100
040 -27
0340

2972
932 -72
-8823

39436
433 -72
-483l1

32 -2427
2423 -T2
3832

0 —4027
4100
0340

3DSC
-414 -4
2-72
505
-10 —10 - 15
-8-19
-34-1
1529
-510 -5
-1-56
5-1015
-6517
-1-5-3
6-517
-51015
-1-53

5$-1015
-31319
-2-31
5-510
-1295
-1-65
3700
0118
0-21
-1018
0370
-20 -1
7-29
-41716
-1-54
13-9 -2
9810
-1-53

10 -89
-2913
-3-51

1432
-853
~1-45

41213
-7165
-1-36

3900

0-69

0-3-2
9 -1218
-12315
-1-3-2
9-183
1215 -9
-124

12-36
-91215
-1-36

-906
0390
-20-3
4100
0-131
0-2-3
4-925
-4916
-1-84
-1-202
2-137
-214

31223
-897
-1 -46
-1014
0410
-301
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Table 1 (cont.)

Step
System 2R CSL 3DSC vector
341 4-3372 1-2-7 37 -21 0-1-4
312 39 ~4 -36 214 2120 112
97-005 4831 0-21 -4 -21 0-10
41 311272 “161 5-818 120
611 24 -4 -99 310 -12116 010
97-005 4134 [V ) -2 -51 -10 -1
341 240499 103 6-1211 201
751 3112 =72 61 -1 185 -8 312
90-699 -4134 -120 125 010
41 24 -2372 0-7-4 8§-19 -4 -3 -5
995 3224 -27 3-20 -32612 01 -1
61-601 -3832 -1 =11 -1-54 000
43 2518 90 -912 5-919 3-3-1
110 1825 -90 91 -3 -5924 432
80-631 10107 -50 -1 -2-51 2-3-2
243 42227 324 15 13 -1 332
210 239 - 54 -41 -6 -13262 -3-3-2
27905 -3638 -201 -24 -3 00 -1
343 25 —30 54 323 31519 333
301 307 -90 -530 S18 3 2 -21
80-631 61025 -1 -11 -1 -58 000
343 38 -954 1-50 -11 -6 16 -2-10
911 18 -2 - 117 -313 -1213 -6 200
93:333 3142 -10 -2 -2 -5 -1 -1 -1 -1
343 30 -790 011 -3 5-318 503
992 2530 - 54 31 -2 -31915 110
60-766 -61025 -1 -1 -1-85 0-10
345 30 - 30 45 117 1500 310
[t 3330 -18 -14 -5 -6918 =210
50-704 -2542 1-10 -1-63 1-10
345 42645 023 9 -318 112
210 633 -9 01 -6 -1869 00 -2
48-190 -51030 -30 -1 0-50 00 -1
345 15 —3090 -2-3-2 -1500 0-1-2
211 426 -45 -1-95 3-918 0-2-4
86-177 21130 -110 -2613 000
345 33 -3018 1 -4 -1 6129 -1 -1 -1
302 3030 -45 1-18 -15150 311
48-190 2542 -1 -11 -1 -26 00 -1
345 15 —3090 -117 15 —-150 013
332 4215 - 18 15-4 -3 -618 120
78-463 -21033 -10 -1 -2-4-3 00 -1
345 42 —-1518 -1 -45 3 -186 -1 -12
601 1530 -90 171 -15015 441
48-190 21033 -110 -2-3-4 000
345 33 -690 -154 9-618 233
631 3015 -9 25-2 0150 232
78-463 -21415 -10 -1 -6 -13 0-10
345 42 -645 1-54 -3 -189 -100
931 1530 -9 225 1500 141
50-704 -21130 -101 -236 000
345 30 — 1590 252 15 150 122
932 336 —90 -45 -1 1269 1-22
86:177 21415 -101 -2-16 000

ratios considered in this study.* Considerations of
the symmetry of the tetragonal lattice (Grimmer,
1980) limit the value of 6 to 98-4°. All the vectors in
the table are listed columnwise, with the three

* Lists of 3 values, axes, angles, CSL’s, DSC’s and step vectors
for the axial ratios 15:15:136, 6:6:55, 15:15:138 and 15:15:140 have
been deposited with the British Library Document Supply Centre
as Supplementary Publication No. SUP 52341 (8 pp.). Copies may
be obtained through The Executive Secretary, International Union
of Crystallography, 5 Abbey Square, Chester CH1 2HU, England.

Step
System 2R CSL 3DSC vector
45 30699 1-15 6-189 110
961 3015 -90 541 1500 332
86177 ~5146 -110 -136 000
247 27 —34 54 1116 -3 -17 -10 §87
111 3827 -18 -135 1 -1019 333
57865 -2643 -10 -2 =53 -1 -1 -1-1
347 38 -2718 3-6-1 -10 -19 -1 -3-1-2
201 2734 -54 113 -1 17103 636
43664 2643 011 -3 -1-5 101
247 3818 63 -321 I -816 110
210 1811 =126 g1 -3 21615 000
87-561 7142 40 1 6 -12 -1 -1
347 11 -4254 25 -2 61118 001
302 422 -63 -53 -3 -7526 0-1-1
87-561 6738 011 -1 -6 -3 000
347 436 54 -3-32 15 -24 1 -1 -1
320 638 —81 -27-1 1341 10 -1
43-664 -6934 o1 -2 -1-36 000
347 6 — 3881 2-4-1 a4 -31 01 -1
513 43 -6 —54 342 2218 113
97949 6934 0-12 -3-31 001
347 38 -2154 -215 3-1625 110
601 212 -126 -53-2 -7620 =20 -1
87-561 614 11 -1 -1-1 -2-5-1 -1 -1 -1
a7 18 11 126 -3114 16215 551
771 3818 —63 129 -8 -116 542
97-949 -714 -2 -10 -4 -1 -62 -2-2-1
547 42 -263 -355 7-519 004
991 1142 -54 =21 -2 -6 1124 -10 -1
37073 -6738 1 -20 1 -64 -10 -1
47 21 - 2126 2105 7-613 373
992 821 -S54 ~5102 31628 -140
86-340 61411 -1-3-1 -2-53 -1-2 -1
349 36 -2372 -1126 9418 665
221 3136 - 36 029 20-2-9 333
49-227 -4 841 -10 -3 15-2 -1 -1-1
249 411272 -3-23 45 -23 -1-21
320 1231 —-108 -23 -4 6320 -11 -1
62-005 -81223 0-2-1 -4 -23 0-1-1
349 48 4 27 142 16 —118 112
410 433 -108 -1l -5 -15426 -20 -2
49-227 -31232 -201 -1 -35 000
349 40 1572 3-35 8- 117 222
331 24 40 -45 -5-30 -51920 -3-3-4
43574 ~5840 0-1-1 -1 -64 -1-1 1
349 41 -24 36 30 -2 21233 001
902 2423 - 108 136 -613 -1 421
62-005 41231 0-21 1 -68 0-10
349 24 -4045 580 5-1920 334
905 4015 -72 -31554 -8117 7617
2174 5840 021 -1 -6 -4 111
349 24 -23 108 -316 6-113 310
994 4124 -36 03 -2 -23312 010
72:174 -41231 -20 -1 -1 -86 -10 -1

columns of step vectors corresponding respectively to
the columns of the DSC vectors. For the [001]
misorientation axis, our results are identical to those
obtained by King (1982) for the cubic system. For
irrational values of the parameter 7 in (21), coinci-
dence orientations are possible only about this axis.
The 3 = 5 geometry is shown in Fig. 1, for a rotation
of 36-87° about the [001] axis.

The (110) and the (110) twin boundaries in
YBa,Cu;O,_5 can be considered as CSL-related
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boundaries, with a rotation angle of 90° about the
[001] axis. The 3 value can be obtained quite trivially
as 1.

The choice of axes within the standard stereo-
graphic triangle can be limited by the considerations
of lattice symmetry and equivalent rotations, as
shown by Grimmer (1980). It is interesting to note
that the choice of the axial ratio 1:1:9 yields a value
of 3 =3 for a rotation of 90° about the [100] axis.
We consider this geometry (Fig. 2) to be a peculiarity
of this axial ratio. The values of 3 for rotations
about the [331] axis are three times the values of 3
for rotations about the [111] axis for cubic crystals,
for the same rotation angle. The pseudo-equivalence
of these axes is illustrated in Fig. 3. The Cu atoms
located at the corners of the three perovskite cubes,
which are stacked to form the YBa,Cu;O,_; cell,
form a distorted cubic pseudo-lattice, which could
form the basis for CSL’s. Translations by the DSC
vectors associated with these CSL’s, however, would
not conserve the grain-boundary structure unless
they were equal to the ‘true’ DSC vectors determined
here. Fig. 4 shows a 3 = 13 geometry, for a rotation
of 67-38° about the [100] axis for an axial ratio of
1:1:9. Our results are identical to those obtained
from the geometrical construction.

o]
-P
Oy
S
©
~
iy 9
la| |8
O N
DSG,
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d — -0
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CRYSTAL 1 @
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Fig. 1. Examples of CSL, DSC and step vectors for the 35,
36-87°/[001] coincidence system.

I§“ T

55,

csL

CRYSTAL{ @
CRYSTAL2 O

Fig. 2. Examples of CSL, DSC and step vectors for the 33,
90°/[100] coincidence system.

COINCIDENCE ORIENTATIONS IN TETRAGONAL SYSTEMS

As can be seen from Fig. 5, the distribution of
CSL’s in misorientation space is intermediate, in the
sense that it falls in between those for hexagonal
(which form dense clusters) and cubic (which are
widely spaced). The existence of clusters would imply
the possibility of structural transformations as a
function of misorientation, temperature or composi-
tion, in which the grain-boundary structure could
change from one CSL-related structure to another.

No coincidence rotations are obtained for axial
ratios of 15:15:137 and 15:15:139 about axes other
than [001]. The possibility of the existence of coinci-

[teg)cusiC

// 1331 TETRAGONAL

Fig. 3. Pseudo-equivalence of [111}/cubic and [331}/tetragonal
axes.
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Fig. 4. Examples of CSL, DSC and step vectors for the 313,
67-38°/[100] coincidence stystem.
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Fig. 5. Distribution of CSL’s in misorientation space.
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dent grain boundaries with 3> 50 cannot be ruled
out, but such high values of ¥ are of little or no
physical significance. The axial ratios considered in
this work, though they are approximations to the
true YBa,Cu,;0,_; structure, yield useful criteria for
characterizing grain boundaries. Chisholm & Smith
(1989), Babcock & Larbalestier (1989) and Babcock
(1988) have observed grain-boundary-dislocation
networks. Babcock (1988) has speculated on the
possibility of these structures being related to CSL
structures.

Concluding remarks

Consideration of the geometrical structure of grain
boundaries can provide a valuable insight into the
properties of materials. We have presented here a
method to determine the geometry of grain bounda-
ries in tetragonal and near-tetragonal orthorhombic
crystal systems, with particular emphasis on
YBa,Cu;0,_;. Data on the possible grain-boundary
structures of YBa,Cu;0,_; are presented. It is hoped
that this will aid in characterizing the grain-
boundary structures observed in YBa,Cu;0,_;.

Acta Cryst. (1990). B46, 125-131
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Structural Study of the Phase Transition of Na,Ca[SicO,g]
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Abstract

The structure of Na,Ca,[SigO,g], which undergoes a
reversible phase transition at 748 K, has been studied
by means of X-ray single-crystal diffraction at 993,
888, 773, 738, 643 and 523 K. The crystal data of the
high-temperature modification at 773 K are: M,
= 7088, trigonal, R3m, ag =7519A, a=8922°,
Z=1; ay=10561(1), cy=13193)A, Vy=
12749 A3, Z=3, D,=277Mgm 3 A(Mo Ka) =
071073 A, p=189mm™', F000)=1056, R=
0-047 for 599 observed reflections (F,,, > 30). The

* Present address: Department of Materials Science and Engi-
neering, Nagoya Institute of Technology, Gokiso-cho, Showa-ku,
Nagoya 466, Japan.

0108-7681/90/020125-07$03.00

high-temperature form, made up of puckered six-
membered [SiO,s)'>~ rings, is isostructural with
NayCa;[Sis0,5]. One of the cation sites is only partly
occupied by Na ions with the remainder vacant. In
the low-temperature form the vacancies are clustered
to produce a specific vacant cation site. The
vacancies, in both forms, can accommodate addi-
tional Na ions with the replacement of Ca by 2Na
and thus play an essential role in the formation of
continuous solid solutions as represented by
Nay.2,Cay_ [SigO5] (0 < x <1). The difference in
structure between the high- and low-temperature
forms is described in terms of their cation co-
ordination polyhedra and configurations of the
[Si6018]'2_ nng
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